As is well known, the image of the J-homomorphism in the stable homotopy groups of spheres is described in terms of the first line of the Adams-Novikov E 2 -term. In this paper we consider an algebraic analogue of the image of J using the spectrum T (m) (j) defined by Ravenel and determine the Adams-Novikov first line for small values of j.
Introduction
As usual, let BP be the Brown-Peterson spectrum and BP * (−) be the BP -homology functor from the category of spectra to that of abelian groups. The stable homotopy groups and the BP -homology groups of BP are known to be polynomial algebras In [2] and [5] these spectra are extensively used for analyzing the stable homotopy groups of spheres by the method of infinite descent in homotopy theory, which is first introduced in [1] : Once we have information on T (m) (j) , then we can obtain information on T (m) (j−1) using the small descent spectral sequence induced in [ 
can be regarded as the starting point for doing calculations on the stable homotopy groups of spheres.
In this paper we present computations of the Ext groups (1) in lower dimensions. For example, the j = 0 case (4), the i = 0 case (Theorem 4.1) and the (i, j) = (1, 1) case (Theorem 5.2).
Even for i = 1, the computations are complicated for higher j in general. For example, we exhibit calculations of the j = 2 case in Theorem 5.4 (for p = 2) and Proposition 5.5 (for p > 2). Note that the result for (j, m) = (0, 0) is not new and is well known: the group (1) The main task in this paper is to analyze the complicated structure of the comodule W m+1 (Definition 2.3) by defining elements α i,p j −1 (Lemma 3.5). The computations for the second or higher lines of (1) will be given in [5] and those require quite independent calculations. That is the reason why we separate this paper from [5] .
The pairs (BP * , Γ(k)) and (A(k), G(k)) form Hopf algebroids. We will omit the first variable of the associated Ext groups like Ext
m is in fact a Γ(m + 1)-comodule and we have
We will abbreviate v m+i by v i and t m+i by t i for short. In [2] (3.10) Ravenel defined elements λ n ∈ p −1 BP * for n > 0 satisfying
and so on. He also defined the subcomodule D 
For a given Γ(m + 2)-comodule M we will denote Ext 0 Γ(m+2) (M ) by M for short. In particular we have
Define elements β i/j and β i/j by
and
which turns out to be a G(m + 1)-comodule and is invariant over Γ(m + 2) (cf. [6] ).
The following is proved in [5] :
Then W m+1 is weak injective over G(m + 1) with 
m ) the associated cohomology group. The following is proved in [5] .
Proposition 2.5. For i = 0 and 1, the cohomology group
This allows us to compute the 0-th and the 1-st line of (1) 
All differentials in the cochain complex are trivial and so
m ) for all i and s, which gives
In particular, when m = 0, it is isomorphic to the Adams-Novikov E 2 -terms for the sphere spectrum and thus the old result for the image J is recovered.
Structure of the cochain complex
Hereafter we assume that m > 0. Given a G(m + 1)-comodule M and the structure map
It is easy to see that Lemma 3.1. For x, y ∈ M , we have the following relations:
Proof. The first relation follows from the coassociativity of the comodule M : Observe that
where ∆ is the coproduct map of G(m + 1). The second one follows from the equality
We will compute Quillen operations on some BP * -based comodules, whose structure maps are given by the right unit on Hazewinkel generators. 
. By definition we also have
Proof. The equations of η R follow from recursive calculations using relations [4] (1.1) and (1.3). Then other statements are obvious.
To obtain generators of Ext
, it is indeed enough to consider a certain subgroup of M . 
Proof. By [2] Lemmas 1.12 and 1.14, we have isomorphisms 
and so we can choose 
Note that the explicit structure of L j (B m+1 ) is not needed here since it is a subgroup of BP * /(p ∞ , v ∞ 1 ) and we can judge the triviality of the d 1 -image there.
The first cochain group C 0,0 (T (j) m ) is described as follows:
So we have only one A(m)-module generator, namely z 0 = 1, and we may set z = λ 1 for 0 < p j which clearly satisfies the formula (6) by Lemma 3.2.
In order to describe C 1,0 (T 
where c i,j = 1 
Then it is in v
where c(i, j) = 1 k i−1 (p j + k) and the coefficient is in Z (p) , by the congruences
For Quillen operations, note that we can ignore elements belonging to BP * in v 
and | t
1 | is less than or equal to |v
Consequently, all elements in r p j ( α i,p j −1 ) in fact belong to BP * and are forgettable.
Similarly we observe
and so
, and the elements α i,k (0 k < p j ) defined in the same way
Proof. The first statement follows easily from the definition of α i,p j −1 . We can conclude that α i,k ∈ W m+1 for 0 k < p j − 1 by (3), (6) and Lemma 3.5.
By Proposition 3.3 and Lemma 3.6, we have:
Computing differentials in the cochain complex
Based on the results in the previous section, we have 
To detect elements in ker d 1 , we do not need to determine the explicit form of α i,k : By the commutativity of the diagram (7) and Lemma 3.6 we have an equality
i.e., the only term relevant to this calculation is the last term of α i,p j −1 (Lemma 3.5) and we can ignore any other terms. More precisely, we have:
Proof. Since j m + 2, we have
) and
Then the right hand side of the equality (8) is modified using Lemma 3.1, 3.2 and the formula (9).
Proof. By Lemma 3.6 and the formula (9) the
When j = 2, we have
Proof. Whenever j 2, we can use Lemma 4.2 with no restriction on m. The j = 1 case is easy. For j = 2 we have
Note that
By Corollary 3.4 we have
and so a cocycle Replacing − n with t (0 t < p) and assuming that the exponent of v 2 is positive (i.e., 0 n < p − t), we have an inequality pt (the exponent of t 1 ) < pt + p − t.
This implies that the coefficient of t 
Proof. Tedious routine calculations give the following:
